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We study the dissipative dynamics of a wave packet passing through two different non-linear
media. The effect of dissipation on the phenomenon of collapses and revivals of a wave packet as it
evolves in a Kerr-type non-linear medium (represented by the Hamiltonian (a†a)2) is investigated.
We find that partial revivals do take place when dissipation values are moderate. For a certain
regime of parameters we find a solution where revivals do not die even in the presence of dissipation
and the non-linearity appears to compensate for the energy and coherence loss. We consider the
next order non-linearity, represented by the Hamiltonian (a†a)3, where we observe the phenomena of
super revivals. The effect of dissipation in this case has an additional feature of number dependence
for the displaced number states. While our simulations explore the degree to which the phenomena
of collapses and revivals degrades in a dissipative environment, we also discovered the presence of a
situation where degradation is minimal.
PACS numbers: 42.50.-p,42.50.Lc
I. INTRODUCTION
Dynamics of quantum systems in complex environ-
ments plays an important role in diverse fields of sci-
ence [1–6]. A laser beam that is quantum mechanically
represented by a coherent state, while passing through
non-linear media, can undergo a variety of complex trans-
formations including collapses and revivals of the quan-
tum state. Over and above any systematic evolution
(linear or non-linear), dissipation is always present, and
therefore a realistic study must include the effect of a dis-
sipative environment [6–8]. Classically the dissipative ef-
fects lead to diminishing of the amplitude, however, since
the interactions occur at atomic scales, quantum effects
are important. An important set of quantum states is
obtained by a phase space displacement of the number
states (states with a fixed number of quanta n) [9–11]. A
reasonable model for dissipation on the other hand is to
model the dissipative medium as a set of oscillators that
interact with the system [7]. For linear as well non-linear
media the initial motion of the wave packet is periodic
with the period of motion termed as the ‘classical pe-
riod’ Tcl [12], corresponding to the natural frequency of
the underlying harmonic oscillator. For a linear medium
the periodic character of the motion is preserved; how-
ever, for a non-linear medium, after a few cycles quantum
interference takes over leading to a significant spread of
the wave packet. The wave packet is no longer recogniz-
able as a packet and is said to have “collapsed”. As time
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advances, it resurrects itself leading to its “revival”. The
time at which this revival takes place is called the ‘revival
time’ Trev [13–15]. At times that are rational fractions
of Trev, the wave packet turns into a series of subsidiary
packets and the phenomenon is called fractional revival.
For the case of third order non-linearity, for times be-
yond revival times, a new sequence of full and fractional
revivals start, which are characterized by a longer time
scale called the ‘super revival time’ Tsr. The phenomenon
of collapses and revivals of the wave packets was first
discussed in [16] and thereafter, has been studied by a
number of authors [17–24]. In most of these studies the
medium is assumed to be non-dissipative. However, for
situations of practical interest the medium can not be as-
sumed to be non-dissipative or ideal. How to incorporate
the effects of dissipation on the phenomena of collapses
and revivals of wave packets is the central question that
we address in the present paper.
Unlike in classical mechanics, the dissipative terms
cannot be directly incorporated in quantum equations
of motion as this leads to the decay of the Heisenberg
uncertainty relation which is absurd. To overcome this
difficulty various approaches have been proposed includ-
ing those involving complex Hamiltonians [25–28]. We
consider the model for dissipation where the system in-
teracts with the environment via an interaction Hamilto-
nian. The composite system consisting of the system of
interest plus the environment evolves unitarily and the
environment degrees of freedom are traced over to ar-
rive at the dynamics of the system alone [6, 7]. Concrete
physical models involving nonclassical light and dissipa-
tive media in cavity QED, quantum wells and plasma
systems have been proposed [29–31]. Rydberg atom in
a micocavity weakly excited in the strong coupling limit
has been investigated from this point of view [32]. Quan-
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2tum correlations reflected in quantum discord for open
system has also been studied [33].
Our work embarks upon a study of the dynamics of
a quantum wave packet through a non-linear medium
in the presence of dissipation. In particular we aim to
study the effects of dissipation on the phenomenon of
wave packet revival and super-revival. We consider a
single-mode radiation field as our system and take co-
herent states and displaced number states as our wave
packets. Such packets can arise in many experimental
situations [34–36]. For non-linear media we first consider
a Kerr medium represented by the Hamiltonian (a†a)2.
The dynamics of the coherent wave packet in this case
gives rise to revivals and collapses of the wave packet. To
include the effects of dissipation we write down a mas-
ter equation corresponding to a situation where the sin-
gle mode radiation field interacts with a set of harmonic
oscillators representing a thermal bath. Specifically we
have assumed that we have single mode radiation in the
visible region (e.g. λ = 600 nm red light). From the
master equation, we numerically calculate the time evo-
lution of the expectation value of the amplitude of the
radiation field. Next, we study the one order higher non-
linearity represented by a term proportional to (a†a)3
in the Hamiltonian. This medium is a favorable system
to observe the super revivals of the wave packet and we
study these revivals under dissipation. Moreover, the
dynamics of coherent wave packet in this medium pro-
vides the opportunity to analyze the effect of dissipation
caused by the medium on the displaced number states.
An important result we obtain is that the revivals as well
as super-revivals can tolerate a certain amount of dissi-
pation and thus can be observed in experiments where
dissipation is inevitable. The tolerance to dissipation,
however, depends upon the type and strength of the non-
linearity.
A noteworthy result is that for a certain parameter
regime for the Kerr-type non-linearity, revivals survive
the effects of dissipation over a very long period of time.
The simulations indicate that the loss of energy is com-
pensated by the non-linearity. This is a situation which
resembles that of solitons in classical systems. Further-
more, along with energy loss being compensated by non-
linearity, the coherence is also preserved and the revivals
are almost complete. To the best of our knowledge this is
the first observation of this phenomenon. In the classical
domain solitons are wave forms which travel in a lossy
non-linear medium without losing shape and amplitude.
Solitons have been extensively discussed for optical situ-
ations [37] and also for Kerr-type non-linearity [38, 39].
Solitons in physical system play an important role [40]
Interaction of solitons with atomic systems has also been
studied [41].
Strictly speaking solitons are associated with situa-
tions where dispersion is compensated by nonlinearity,
however, the control of dissipation is also sometime called
soliton and that is why we call our situation soliton
like [42].
There have also been quantum generalizations of soli-
tons for optical situations [43]. However in most of these
cases the starting point is classical solitons which are
then quantized. In our case the situation is very dif-
ferent, where we are working with an open quantum sys-
tem with non-linearity being present and the “soliton-
like” solutions automatically emerge for certain parame-
ter regimes. These results are valid within the approx-
imations and the assumptions of the dissipation model
that we have used and are related to solitons only in the
restricted sense as used in [42].
The paper is organized as follows: Section II provides
the framework for our study with the model of dissipa-
tion discussed in Section II A, the kind of wave packets
studied in Section II B and various time scales pertaining
to the time evolution of wave packets in non-linear media
taken up in Section II C. In Section III, we present the re-
sults for the time evolution of the expectation value of the
amplitude operator in a dissipative environment. Specif-
ically, Section III A contains results for the effect of dis-
sipation for the case Kerr non-linearity and the “soliton-
like” situation is discussed in III B, while Section III C
contains results for the higher order non-linearity. In
section IV we present some concluding remarks.
II. DISSIPATION MODEL AND REVIVAL
TIMES FOR THE NON-LINEAR OSCILLATOR
A. System bath model
We study system-environment interaction in the Born-
Markov approximation which yields the quantum master
equation for the system. Consider a quantum system S
interacting with its environment E, which can be treated
as a heat bath or reservoir. The total (system + envi-
ronment) Hamiltonian for this system can be written in
the form [6]
H = HS +HE +Hint (1)
where HS , HE , and Hint describe the Hamiltonian for the
system, environment and interaction between them, re-
spectively. For one mode radiation field represented by
bosonic annihilation operator a with [a, a†] = 1, travers-
ing through a non-linear medium the above Hamiltonians
are given by the following expressions:
HS = h¯ω0a
†a+HNL (2)
HE =
∑
j
h¯ωje
†
jej
Hint =
∑
j
h¯kj [ae
†
j + a
†ej ]. (3)
Here ω0 is the frequency corresponding to the harmonic
oscillator representing the mode and HNL is the non-
linear part of the Hamiltonian being considered. The dis-
sipation is modeled as a set of harmonic oscillators with
3frequencies ωj , while e
†
j and ej are the creation and an-
nihilation operators of the environment. The interaction
Hamiltonian is in the rotating wave approximation [6]
and kj represents the coupling strength of the jth bath
mode with the system.
In the Schro¨dinger picture, reduced density matrix ρS
for the system is described by the master equation [3, 6,
7, 44–46]
dρS
dt
= − ι
h¯
[HS , ρS ] + γ(N + 1)[aρa
† − 1
2
(a†aρ+ ρa†a)]
+γN [a†ρa− 1
2
(aa†ρ+ ρaa†)]. (4)
Here the parameter N =
[
exp
(
h¯ω0
kBT
)
− 1
]−1
represents
the number of bath quanta at frequency ω0 for a bath
in thermal equilibrium at temperature T and γ is the
damping rate. We refer the reader to reference [47] for
the detailed derivation. For cases where h¯ω0 >> kBT
(for instance, a photon of red light traversing an envi-
ronment at room temperature), the energy will only flow
from the system to the environment. This leads to fur-
ther simplification of the master equation where we drop
the last term in Equation (4) [8] to obtain
dρS
dt
= − ι
h¯
[HS , ρS ] + γ[aρa
† − 1
2
(a†aρ+ ρa†a)]. (5)
The system HamiltonianHS has two parts, the first being
the linear part represented by HS0 = h¯ω0a
†a and the
second being the non-linear part HNL leading to
dρS
dt
= − ι
h¯
[HS0 , ρS ]−
ι
h¯
[HNL, ρS ] +
γ[aρa† − 1
2
(a†aρ+ ρa†a)]. (6)
We consider two cases of non-linear terms HNL as given
below
HNL1 = h¯b1(a
†a)2,
HNL2 = h¯b2(a
†a)3, (7)
where b1 and b2 define the strength of nonlinearity and
are in units of frequency.
Equation (6) can be written in the super-operator form
as
dρS
dt
= LρS , (8)
where L is the Liouvillian given by
L = − ι
h¯
[HS0 +HNL, ρS ]+γ[aρa
†− 1
2
(a†aρ−ρa†a)] (9)
For the case of a time independent Hamiltonian the so-
lution of Equation (8) can be formally written as
ρS(t) = exp[L(t)]ρS(t0). (10)
From the above equation one can compute the time evo-
lution of the expectation value of any physical quantity
of interest. In particular, when we have a coherent wave
packet, we would like to calculate the time varying ex-
pectation value of the wave packet amplitude 〈a(t)〉.
B. The wave packets
Coherent wave packets that we consider as initial states
are obtained by phase space displacements of the vacuum
state of the harmonic oscillator [9–11, 48],
|α〉 = D(α)|0〉
D(α) = exp(αa† − α∗a) (11)
These are well known coherent states parameterized by
the complex parameter α and typically represent laser
light in quantum optics. For the corresponding harmonic
oscillator, wave function for a coherent state is a Gaussian
and the time evolution corresponds to a Gaussian wave
packet oscillating in space with amplitude governed by
|α|.
The action of the displacement operator D(α) on num-
ber states |n〉(states with fixed number of photons) gives
rise to displaced number states given by
|α, n〉 = D(α)|n〉 (12)
For the case of higher order non-linearity, we will also
consider these states as initial states, in addition to co-
herent states. Starting with the initial density operator
corresponding to the system state we will numerically
compute the solution of Equation (10) and then compute
the relevant expectation values.
C. Revival time scales
For non-linear oscillators when the Hamiltonian com-
mutes with the number operator, the eigen vectors are
same as those of the underlying linear oscillator. The en-
ergy of the nth level on the other hand can be expanded
as a Taylor series [20] around the central energy n0 when
the energy spread is not too much as follows
En ≈ En0 + (n− n0)E′n0 +
1
2
(n− n0)2E′′n0
+
1
6
(n− n0)3E′′′n0 + ..... (13)
where the primes over the energy terms represent deriva-
tives with respect to n which define the various time
scales (although n is discrete, it is useful to treat it as a
continuous variable in this analysis). The first time scale
is given by
Tcl =
2pih¯
E′n0
(14)
and is the ‘classical’ time period for the shortest closed
orbit [12]. It controls the initial behavior of the wave
packet. The second time scale
Trev =
2pih¯
1
2E
′′
n0
(15)
4is the revival time [13, 14]. It governs the appearance
of the fractional revivals and the full revivals. The third
time scale
Tsr =
2pih¯
1
6E
′′′
n0
(16)
is the super revival time. It is a larger time scale as
compared to the classical time period and the revival
time. These time scales become relevant depending upon
the kind of non-linearity under consideration.
For the Kerr-type non-linearity the Hamiltonian is
given by
HS1 = h¯ω0a
†a+ h¯b1(a†a)2 (17)
This Hamiltonian has the same eigen states as the origi-
nal (linear) oscillator namely, |n〉, and the corresponding
energy eigen values are given by
En1 = h¯ω0n1 + h¯b1n
2
1 (18)
It is clear that the revival time is an important parameter
here and is given by
Trev =
2pih¯
1
2 (2b1h¯)
=
2pi
b1
. (19)
Similarly, for a non-linear medium with non-linearity pro-
portional to (a†a)3 the Hamiltonian and energy are given
as
HS2 = h¯ω0a
†a+ h¯b2(a†a)3 (20)
and corresponding energy eigen states are given by
En2 = h¯ω0n2 + h¯b2n
3
2. (21)
We can compute the revival time as
Trev =
2pih¯
1
2 (6b2n2h¯)
=
2pi
3b2n2
(22)
and the super-revival time as
Tsr =
2pih¯
1
6 (6b2h¯)
=
2pi
b2
. (23)
It is evident that the super-revival time becomes relevant
in this case because of the presence of higher order non-
linear terms in the Hamiltonian.
III. RESULTS AND DISCUSSION
We carry out the numerical solution of Equation (10)
to compute the time evolved state of the system. We
have evaluated all the physical quantities in atomic units
(a.u.) by substituting h¯ and kB equal to 1. These are
convenient units and their use is a standard practice in
atomic physics community. The simulations are done for
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FIG. 1. The real part of expectation value 〈a〉 plotted as a
function of time for coherent wave packet of red light in the
presence of dissipation (γ = 0.01 a.u.) and without any non-
linearity. Time axis is normalized with respect to revival time
Trev.
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FIG. 2. Collapse and revival of a coherent wave packet of red
photon passing through medium with Kerr type non-linearity
i.e. proportional to (a†a)2 for different values of γ. (a) γ =
0.0 a.u., (b) γ = 0.00001 a.u., (c) γ = 0.0001 a.u. and (d)
γ = 0.001 a.u.
a variety of parameters to explore the effects of dissi-
pation on the process of collapses and revivals for both
types of non-linearities. We finally calculate the expec-
tation value of oscillator amplitude 〈a〉 as a function of
time. Throughout this paper when plot 〈a〉 in different
circumstances, we mean its real part.
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0 0.6 1.2 1.8
−2
0
2 (c) b1 = 0.05
T
Trev
〈a
〉
0 0.6 1.2 1.8
−2
0
2(d) b1 = 1.0
T
Trev
FIG. 3. Effect of weak and strong non-linearity represented
by parameter b1, on the revival behavior for a coherent wave
packet of red photon passing through medium without dis-
sipation. The values of non-linearity are (a) b1 = 0.0000005
a.u., (b) b1 = 0.000005 a.u., (c) b1 = 0.05 a.u. and (d)b1 = 1.0
a.u.
The time step for evolution in the simulations is chosen
to be much smaller than the classical time period which
in turn is smaller than the revival time and the super re-
vival time. The parameters in the numerical calculations
are chosen to match a physically viable situation corre-
sponding to red light with angular frequency ω0 = 0.15pi
a.u. (λ = 600 nm), passing through a non-linear medium.
The initial amplitude of the coherent state pertaining to
red light is taken to be α = 1.9. The damping parameter
γ represents the overall coupling strength between the
system and environment and γ = 0.00001 a.u., 0.0001
a.u. and 0.001 a.u. correspond to the weak, intermedi-
ate and strong damping respectively (γ value of 0.0001
a.u. corresponds to 6.58× 1011Hz). The strength of the
non-linearity in the medium is defined by parameters b1
and b2 appearing in Equation (7). We study the effect of
system-environment coupling on collapses and revivals of
the wave packet by varying the dissipation parameter γ.
In addition to this, we have also studied the behavior of
revival and collapses as a function of non-linearity of the
medium.
In the rest of this section, we first present the results
obtained for dynamics of a coherent wave packet travers-
ing a dissipative medium in the absence of any non-
linearity. Thereafter, we discuss the findings for the me-
dia with non-linearity proportional to (a†a)2 and (a†a)3.
In case of the non-linear term proportional to (a†a)2, the
medium behaves as an optical Kerr medium. The initial
coherent state wave packet is constructed by displacing
the vacuum state |0〉 as described in Equation (11). In
case of non-linearity proportional to (a†a)3, the dynam-
ics of coherent wave packet reveals the existence of re-
vivals as well as super-revivals of the expectation values
of oscillator amplitude operator 〈a〉. In this case, the
revival time depends upon the principle quantum num-
ber n. Therefore we also study the effect of dissipative
medium on the revivals of coherent wave packet corre-
sponding to displaced number states for different values
of n as defined in Equation (12). The analysis of dis-
placed number states is important only in the case of
higher-order non-linearity.
As a first computation, we consider the effect of dis-
sipation on the linear oscillator without any non-linear
terms. The results are displayed in Fig. 1 where we have
plotted the amplitude 〈a〉 as a function of time. The sim-
ulation has been done for 59 classical time periods which
is equivalent to one revival time Trev corresponding to
b1 = 0.008 a.u, where we have taken the dissipation pa-
rameter γ = 0.01 a.u. In Fig. 1 and in all subsequent
figures we have divided the real time by Trev to have a
uniform scale. The energy spectrum is equidistant and
there is only one time associated with motion namely the
classical time Tcl. Dissipation caused by environment is
evident through the damping and ultimate decay of the
expectation value of coherent wave packet amplitude 〈a〉
as time evolves. The decay of amplitude is exponential
as expected.
A. Results for non-linearity proportional to (a†a)2
For this case the results are presented in Fig. 2 where
we display the expectation value of the amplitude 〈a〉
as a function of time for different values of dissipation.
The value of the non-linearity parameter b1 is taken to be
0.0005 a.u. It is evident from Fig. 2(a) that in the absence
of coupling between system and environment (marked by
zero value of γ) full revival of amplitudes takes place with
a periodicity of k Trev/2 with k = 1, 2, 3 · · ·. At these re-
vival times all eigenstates accumulate a phase of 2pik.
This behavior has already been studied theoretically [49]
as well as experimentally [23]. For finite but small damp-
ing parameter γ = 0.00001 a.u. as shown in Fig. 2(b),
due to damping a reduction in revived amplitude is no-
ticeable although the revivals do take place. As the value
of γ increases the revivals become weaker and weaker as
seen in (Fig. 2(c) &(d)). For a certain value of γ, ap-
proximately equal to 0.001 a.u., the revivals disappear
altogether. Our results on the one hand show robustness
of the revival phenomena in a dissipative environment
and on the other hand point towards a threshold level of
dissipation after which no revivals occur whatsoever.
In Fig. 3, we study the effect of weak and strong non-
linearity on the revival behavior. For zero non-linearity
there are perfect revivals with a time period of Tcl. Inclu-
sion of non-linear term in the Hamiltonian results in an
erratic energy spectrum leading to the collapse and sub-
sequent revival of the wave packet. For very small values
of the non-linear parameter there is no perceptible effect
on the pattern as seen in fig. 3(a) where we have cho-
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FIG. 4. Plots of correlation functions to ascertain the self-
similarity of revival patterns. (a) The correlation function
is calculated with a time gap which is a multiple of Tcl (we
have taken n = 1500). The sudden drop in this correlation
function indicates the onset of collapse at bonset. (b) The cor-
relation function between the the revival patterns is plotted
as a function of nonlinearity parameter b1 to ascertain the
self-similarity of revival pattern. It turns out that the cor-
relation function decays smoothly and we have to decide on
a boffset by visually ascertaining the lack of similarity of the
pattern.
sen a value b1 = 0.0000005 a.u. However, as seen from
fig. 3(b) the packet undergoes a revival for small values
of non-linearity at time Trev. As the value of the non-
linearity parameter is increased the revivals survive up
to some value (Fig. 3(c)) and then disappear (Fig. 3(d)).
For Fig. 3(d), the value of the non-linearity parameter is
chosen to be large ( b1 = 1.0 a.u.) and the pattern is
irregular. As we scan different values of the non-linearity
parameter b1, we find that there is a threshold value of
b1 for which the state actually collapses and then revives
at Trev. We call this value of non-linearity parameter as
bonset and in our case bonset = 0.0000045 a.u. This value
is ascertained from the correlation function plot given
in Fig. 4(a). Here it is very clear that the correlation
function between the values of the 〈a〉 separated by a
time which is a multiple of Tcl (We have taken 1500Tcl)
falls suddenly at this value of the non-linear parameter
b1. As the value of the non-linearity parameter is further
increased, the revivals continue. The correlation func-
tion between the values 〈a〉 separated by 0.5Trev drops
somewhat smoothly and linearly with the nonlinear pa-
rameter b1 as shown in Fig. 4(b). Therefore, there is no
clear threshold after which we can say that the revivals
are not taking place. However, a visual inspection of
the graphs shows that they survive up to some value of
b1 ≈ 0.05 (Fig. 3(c) and Fig. 4(b)) and then the pattern
looks different from the original (Fig. 3(d)). We thus
define non-linearity parameter above which the revival
pattern disappears as boffset and assign it a value 0.05
when the correlation function drops to 0.7.
B. Presence of non decaying solutions
Is there a possibility of having non-linearity compen-
sate dissipation leading to a solution where we have the
excitation live for a long time? It turns out that such
a parameter regime does exist as we have presented in
Fig. 5. For a given value of the dissipation we slowly in-
crease the value of non-linearity. We observe that for a
given value of dissipation constant we need to increase the
strength of non-linearity upto a certain value to achieve a
situation where revivals begin to occur with full strength.
This is very similar to solitons of classical physics where
we can have non-linearity and dissipation acting in such
a way that a persistent waveform is generated. It is in-
teresting and surprising that such a situation arises in
the case of this fully quantum treatment with dissipa-
tion modeled via the master equation. To observe the
actual dynamics in this case we choose the non-linearity
parameter in such a way that the soliton-like solution is
observed and then plot the expectation value of 〈a〉 as
a function of time on a time scale much smaller than
Trev. We observe the revivals with full strength upto
several periods. This is depicted in Fig. 6. Furthermore,
if nonlinearity is increased further the compensation sit-
uation disappears again. We would like to caution the
reader that these solitons are not of the variety where
dispersion is compensated by nonlinearity and it is dis-
sipation that is being compensated and in the literature
such situations have been called solitons and therefore,
following [42] we call our situation soliton like. Secondly,
the presence of these features is linked to the model of
dissipation that we have used and the actual physical
relevance and explanation of these results require further
exploration.
C. Results for non-linearity proportional to (a†a)3
To begin with we start with a coherent state wave
packet and study its behavior in the presence of non-
linearity and for different values of the dissipation pa-
rameter as was done for the case of Kerr non-linearity.
Figures 7 (a),(b), (c) and (d) show the super-revival
pattern of coherent wave packet amplitude 〈a〉 for γ =
0, 0.00001, 0.0001, and 0.001 a.u., respectively. The
70
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FIG. 5. The plot 〈a〉 (real part) as a function of time pe-
riod for coherent wave packet passing through a non-linear
medium for (a) γ = 0.00001 a.u., (b) γ = 0.0001 a.u. and (c)
γ = 0.001 a.u. at various values of non-linearity parameter.
The uppermost curve in all the cases pertains to non-linearity
compensating for dissipation leading to persistent revival pat-
tern.
super-revival pattern is evident in these figures. Here
the super-revival time Tsr is independent of the principle
quantum number n (Equation (23)) similar to the case
studied in the previous section where the revival time was
independent of n. Within one super revival time some full
revivals and some partial revivals come into the picture.
The revival of the state occurs at the super revival time
which is a longer time scale compared to the revival time.
For the sake of comparison with the previous section we
further study the effect of strength of non-linearity in
the system given by the parameter value b2. From fig. 8,
one can conclude that for a medium with non-linear term
proportional to (a†a)3 revivals are present up to a certain
value of non-linearity beyond which the pattern becomes
irregular. For values of b2 (figs. 8(b) & (c)) the revivals
are present. For b2 values greater then 0.01 the revivals
are irregular. For strong non-linearity b2 = 2.0 a.u., the
revivals are not only irregular but also almost stop ap-
pearing, which is depicted in Fig. 8(d). As we discussed
for the earlier case we have the notions of bonset and boffset
here too. Figure 8(a) (b2 = 0.0000002) a.u. pertains to
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FIG. 6. The plot of 〈a〉 (real part) as a function of time
on a fine grained time scale (time step much smaller than
Trev) for a coherent wave packet passing through a non-linear
medium in the regime where dissipation is compensated by
non-linearity. Value of non-linearity parameter in the soliton-
like behavior is bS = 0.01, 0.47, 0.484 a.u. in (a), (b) and (c)
respectively.
a value of non-linearity below bonset. In this case too,
from a scan through different values of b2 we find that
bonset = 0.000002 a.u. and boffset = 0.01 a.u. approxi-
mately.
D. The effect of n
The fact that revival time in this case shows depen-
dence on principle quantum number n (Equation (22)),
provides an opportunity to explore the revival pattern for
various values n for displaced number states. As defined
in Equation (12) we considered displaced number states
|α, n〉.
The results of this study are shown in Figs. 9 and 10.
It is seen that the revival patterns for displaced number
states are dependent upon n. We have taken the val-
ues n = 1, 2, 3, 4, with non-linearity b2 = 0.0005 a.u., in
the absence and presence of the system-environment cou-
pling, respectively. Fig. 9 represents the results without
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FIG. 7. Super-revival pattern of coherent state wave packet.
Amplitude 〈a〉 (real part) is plotted as function of time in a
medium with non-linearity proportional to (a†a)3 for different
values of dissipation values γ. (a) γ = 0, (b) γ = 0.00001 a.u.,
(c) γ = 0.0001 a.u. and (d) γ = 0.001 a.u.
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FIG. 8. Effect of weak and strong non-linearity represented
by parameter b2, on the revival behavior for a coherent
wave packet of red photon passing through medium with
non-linearity proportional to (a†a)3 for various values of the
non-linearity parameter b2. (a) b2 = 0.0000002 a.u., (b)
b2 = 0.000002 a.u., (c) b2 = 0.01 a.u., and (d) b2 = 2.0 a.u.
dissipation and Fig. 10 represents the results in the pres-
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FIG. 9. Collapse and revival pattern of displaced number
states with amplitude 〈a〉 (real part) being plotted as a func-
tion of time with non-linearity proportional to (a†a)3 and
no dissipation. The pattern is shown for states constructed
around n = 1, 2, 3, 4 at γ = 0 a.u. The x-axis is normalized
with respect to theoretical Trev which is around 4000, 2000,
1330 and 1000 a.u. for n = 1, 2, 3 and 4 respectively.
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FIG. 10. Collapse and revival pattern of displaced number
states with amplitude 〈a〉 (real part) being plotted as a func-
tion of time with non-linearity proportional to (a†a)3 and in
the presence of dissipation. The pattern is shown for states
constructed around n = 1, 2, 3, 4 at γ = 0.00001 a.u. The
x-axis is normalized with respect to theoretical Trev which is
around 4000, 2000, 1330 and 1000 a.u. for n = 1, 2, 3 and 4
respectively.
9ence of dissipation. The revival pattern is clearly affected
by the dissipative effects.
Theoretically calculated revival times for n = 1, 2, 3
and 4 are around 4000, 2000, 1330 and 1000 a.u. respec-
tively. However, from Fig. 9(a), one can notice that the
revival of the wave packet occurs at half of the theo-
retical revival time. This behavior for the n = 1 case
was discussed in [49] and [23], where it was shown that
revivals appear only when all eigenstates have accumu-
lated a phase of 2pik and in the process some extra re-
vivals may appear. However, from our Figs. 9(c)& (d),
we also observe that there are cases where some revivals
are missing for higher n values. It is evident from these
sub-figures that revivals of wave packets occur at 2000
a.u. independent of the n value for the state |α, n〉.
A comparison of Fig. 9 with Fig. 10 also indicates that
the wave packet constructed around the higher displaced
states are dissipated more prominently. In order to elu-
cidate this finding, we extend the value of n for the state
|α, n〉 upto n = 10 and study the effect of dissipative
medium at the first revival time.
The results are shown in Fig. 11, where the displaced
number states constructed for higher n witness more dis-
sipation. This is an interesting observation which is re-
lated to the fact that the displaced number states with
higher n are more nonclassical and hence the effect of dis-
sipation is rapid. Similar results were found for a related
phenomenon of decoherence in [8]. ‘
2 4 6 8 10
0.5
1
1.5
2
γ = 0.001
n
〈a
〉
FIG. 11. Effect of dissipative medium on the displaced num-
ber states constructed around various n in a medium with
non-linearity proportional to (a†a)3. The amplitude of re-
vived wave packets at their first revival time instant are
recorded for various values of n. The dissipation of ampli-
tude is more vigorous for higher values of n.
IV. CONCLUDING REMARKS
In this work the quantum master equation approach
has been used to analyze the dissipative dynamics of a
coherent wave packet passing through non-linear media
of two different types. The effect of a dissipative bath on
the phenomena of collapses and revivals is evident. How-
ever, it is observed that the basic features of the revival
process survives some amount of dissipation. Although
the revival is never complete in the presence of dissipa-
tion, its signatures are present. This is relevant for any
attempt to observe these revivals experimentally.
The other prominent role played by the dissipative
medium is that of an environment which soaks the energy
of the wave packet. Dissipation is observed in the damp-
ing of successive revived coherent wave packet amplitudes
〈a〉. The controlling element for dissipation is the damp-
ing factor γ which further depends upon the coupling be-
tween the coherent wave packet and the medium. With
increase in the strength of damping factor γ, the ampli-
tude of the successively revived wave packet decreases
and ultimately no revivals occur for a particular value of
γ.
A particularly interesting situation arises for a certain
range of parameters where the non-linearity and dissi-
pation are poised in such a way that the revivals occur
even in the presence of dissipation for a long time. In
this regime of parameters, the amplitude of the revivals
remains constant and there is no loss of energy. This is
very similar to the phenomena of solitons in classical non-
linear waves in the presence of dissipation. We believe
this observation may have useful consequences for quan-
tum communication protocols where one is interested in
fabricating low dissipation communication channels.
For a medium with non-linearity proportional to
(a†a)3, signatures of super revivals are evident. Theoret-
ically, revivals are predicted at different times for wave
packets constructed around different displaced quantum
numbers n. However, we observe that the revival of the
wave packet occurs at a fixed time independent of the
n. This behavior sheds light on a very fundamental as-
pect that revivals appear only when all eigenstates have
accumulated a phase of 2pik and in the process some ex-
tra revivals may appear and some predicted ones may be
missing.
We also observe that the wave packet build around
the higher values of principle quantum number are more
prone to the dissipative effects of the medium as com-
pared to the low lying states. The extent of non-linearity
of the medium also has an effect on the dynamics of the
wave packet. We come across a value of the non-linearity
parameter bonset below which no collapses and hence no
revivals occur. Similarly, there is an upper limit of b
that we call boffset, above which the pattern of revivals is
irregular.
We have demonstrated that revivals can tolerate cer-
tain amount of dissipation, this certainly is useful in ob-
serving this phenomena in the lab. The soliton like solu-
tions that we have found if experimentally realized may
turn out to be useful in many practical situations. How-
ever, more work is needed to evaluate the relevance and
possible applications of these results.
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